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PREFACE

This thesis implements a parallel implementation of a simultaneous
iteration technique for computing a nested sequence of orthonormal bases
for the dominant invariant subspaces of a non-Hermitian matrix. This meth-
od is particularly suited to the calculation of several eigenvalues and eigen-
vectors of large sparse matrices since the only requirement is that one com-
pute the product of the matrix with a vector, a computation that can be per-
formed very quickly on a parallel computer architecture. Convergence of the
method is improved through the application of a Schur-Rayleigh-Ritz step.
Since this iterative method can cause loss of orthogonality in the basis vec-
tors of the invariant subspaces, a QR reorthogonalization step is also done in

parallel and the results of the executions are examined.
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CHAPTER 1

The Theory of Invariant Subspaces

This chapter presents an overview of the theory of invariant subspac-
es and shows how they provide a partial solution to the eigenvalue problem.
For more details see Stewart [11, 12].

An invariant subspace of a matrix A € C"*™ is any subspaceI' c C"
with the property that

x el > Ax €T. (L.1)

Let the set of eigenvalues of A be denoted by A, & {4;}7-,, and without loss
of generality assume that the eigenvalues are indexed so that
4l = 22| = - = (2],

IfT is an invariant subspace of A and the columns of a matrix Q ¥ [q;, q3,

“, qu] € C**™, m < n, form an orthonormal basis for I then Aq; € T

and can be expressed as a linear combination of the g;:
m
Aq; = Zﬁqu’; 1<j<n.
i=1
T
Now let t; & [1y), Ty, =, Tmj] € C™and let T & [t), 65, -, ty] €

Cm*™, sothat Aq; = Qt;,1 <j <mn,and

AQ = QT . (1.2)



IfX € C™is an eigenvector of T corresponding to eigenvalue A € Ay, then
by (1.2) and the fact that T® = A%, then it follows that Q% is an eigenvector of
A corresponding to A and [12]

Ar € Ay (1.3)
Conversely, let I € A, with associated eigenvector %. Since the columns of Q
form an orthonormal basis forT, there exists a vectory € C™ such that
£=0Q9. Then we have AXx = 1% = AQy = 109 = QNAQy= 1y =
T9 = Ay so that 1 € A;. Thus the knowledge of an invariant subspace of A
allows us to find the eigenvectors in that subspace, along with their associat-
ed eigenvalues, by finding the eigenvectors of the smaller matrix 7.

The program developed in this thesis attempts to calculate a nested
sequence of orthonormal bases for the dominant invariant subspaces of A.
The existence of such a basis is guaranteed by the well-known Schur decom-
position, which states that if A € C™"*™ then there exists a unitary matrix
Q € C"*™ such that the matrix Q" AQ is upper triangular with the eigenval-
ues of A appearing in descending order of absolute magnitude along its diag-
onal [3]. Since A is not in general Hermitian, the columns of Q are not eigen-
vectors, although they enjoy many of the properties of eigenvectors. If

2r—1l > 12 > |2r44]
1 <r < n,then g, is uniquely determined up to a factor of +1 [11]. If

|/1r—1| > |/1r| = |Ar+1| = = M—sl > |/1$+1|:



1 <r <s <n, then the vectors {q;}j-, are not uniquely determined; how-
ever, the subspace spanned by the vectors is unique [11]. The columns of Q
are called Schur vectors of A.

If [A4] > [4441], 1 =7 <n, then the vectors {g;};-, form an or-
thonormal basis for the unique dominant invariant subspace T, correspond-
ing to {4;}/_; [11]. To see this, let Q" & [q,, q2, -, @] € C**7 and let
TI' € C"*"bea leading principal submatrix of T. From (1.2) and the upper
triangularity of T,

AQIm = QIrTIr (1.4)
implying that the columns of Q" span an invariant subspace I, of A whose
eigenvalues are A_ and if Trrfi = A;%; then

AQ"%; = QI'TI%; = 1,QIr%;
so that QI"%; is an eigenvector of A corresponding to eigenvalue A; [11].

In order to avoid the expense of complex arithmetic, we will use a var-

iant of the Schur form for real matrices in which T is block upper triangular

with 1 X 1 and 2 X 2 blocks along the diagonal. The existence of such a block

decomposition is established in [3].



CHAPTER 2

The Method of Simultaneous Iteration

The dominant Schur vectors of A will be calculated by simultaneous it-
eration, a generalization of the power method [3, 13]. Recall that the power
method calculates the dominant eigenvector of a matrix by generating a se-
quence of approximating vectors according to the iteration q,,; = Aq,p, L,
for v=20,1,2,--, where p,, is a nonzero scaling factor. The method is par-
ticularly attractive when A is large and sparse since it requires only that the
user be able to multiply a vector by A [11], an operation that can be coded to
exploit any a priori knowledge of A. Simultaneous iteration enjoys the same
freedom of implementation, and its simplicity lends itself nicely to a parallel
computer architecture. Computational properties of this method are dis-
cussed extensively by Stewart [11] and a synopsis of these properties is giv-
en here.

The method of simultaneous iteration had as its prototype the Trep-
peniteration (“staircase iteration”) first proposed by Bauer [1]. The idea is to
begin with a matrix Q, € C"*™ whose columns form a basis for some m-
dimensional subspace W and generate a sequence of matrices according to

AQV = QV+1R1}+11 V= Ol 1; 2; ot (2.1)



where R, is a nonsingular matrix. Since the column spaces of Q,, and Q,R,
are the same, R, can be considered a scaling factor [11]. It is easy to demon-
strate that repeated application of (2.1) gives

AYQy = QyRyRy_1 Ry
so that the columns of Q, form a basis for AYW which approachesT, the in-
variant subspace of A [11]. Specifically, under mild restrictions on Q,, if
|A,-] > |A,41] the column space of Q, approaches T, [11].

In most steps the matrix R, ,; can be taken to be the m X m identity

matrix so that (2.1) becomes

Qve1 =40Q,, v=0,1,2,- (2.2)
However, since A is not necessarily unitary, the columns of Q,,; may ap-
proach dependency. To guard against this, R,,; can be used to scale the ma-
trix AQ, so that its columns are once again orthogonal. This reorthogonaliza-
tion can be done by applying Householder transformations to the columns of
AQ,; however, we will use another algorithm which for our purposes is just
as stable and parallelizes simply. It is easy to show informally that if § is the
maximum number of decimal digits that can be allowed to be lost between

orthogonalizations and «(T) % ||T||||T~2|| then

def

n < llogm%J (2.3)

is the number of iterations that can be performed safely with R, ,; = [,, [11].



The norm || - || is the Frobenius norm given by ||Allz & /trace (AHA) =
[Z?ﬂZ}LI c‘rﬁaij]l/z. Since T is upper triangular, the calculation of k(T) is
relatively inexpensive.

The rate of convergence of the rth column of Q, is proportional to

and if (nearly) equimodular eigenvalues exist, this convergence may be intol-

e
Aeoal 71 2

erably slow [12]. Stewart [11, 12] describes a method, which he calls a Schur-
Rayleigh-Ritz (or SRR) step, whereby the process may be accelerated. A ma-
trix B, € C™*™ is formed according to

B, = @,"AQ,
and reduced to Schur form T, € C™*™ by a unitary similarity transfor-
mation

T, = Y,"B,Y,. (2.4)
Then Q, is overwritten

Qv < QY. (2.5)

In general, if |[1;,_;| > |A;| > |A;+1| then the ith column of Q,, ¢;*?, will con-

verge at a rate proportional to [12]

v

|/1m+1

z

Therefore, convergence is accelerated and the first columns of Q, tend to



converge faster than the later ones [12]. This latter fact saves work in the it-
eration since once they have converged, the left-most columns need not par-
ticipate in the basic iteration; only the periodic reorthogonalizations and SRR
steps must include them.

If |Ai—1] = |A;i| or |A;] = |A;44], the ith column cannot be computed
accurately and a convergence criterion based on the q;* settling down is
likely to fail, even though the subspace they span may converge [12]. Thus,
let t;0) € C™ be the ith column of T, in (2.4) and let ;") & Aq,™) —
Q,t;" € C™ be the ith residual vector. The ith column of Q, produced in

(2.5) is said to have converged if ||rl-(”)||2 is less than some error tolerance

[12]. If this condition is met for all of the g;?,1 < i < m, then the residual
matrix R, & [ry, 1y, %] € C**™is small [12]. Although this condition
cannot guarantee the accuracy of the columns of @, it does imply that there is
asmall matrix E, & —R,Q," € C"*" such that

(A+E)Q = Ty,
so that Q, and T, are the matrices associated with the slightly perturbed ma-
trix A + E,, [12]. Nearly equimodular eigenvalues should be grouped together
to avoid inadvertently including some small eigenvalue of A + E,, in T,, and
their residual vectors tested only after the average value of the eigenvalues

has converged [12].



CHAPTER 3

The Basic Algorithm and the DoMINO Environment

The program implemented is a C language translation of the FORTRAN
program SRRIT written by Stewart [12]. The parallel sections replace the se-
quential calculation of AQ,, and the Gram-Schmidt reorthogonalization step.
This chapter will concentrate on the parallel procedures, but first we will
give an outline and discussion of the basic algorithm. Pseudocode for the al-
gorithm is given in Figure 1 and the parallel sections are shown in boxes.

Program initialization consists of several parts. First, the iteration
counter, Iteration, is set to 0. LeftColumn is the index of the first column of Q
that has not yet converged an initially points to the first column. The matrix Q
may be supplied by the user or set to have random elements by the program.
The columns of Q may be automatically orthogonalized if desired.

The SRR loop is the main loop of the program. Each time it is executed,
an SRR step is performed, setting the new value of Q, AQ (which holds the
product A X Q), and T = QTAQ. Next, the residuals are calculated and con-
vergence is tested. As mentioned in Chapter 2, nearly equimodular eigenval-
ues of T are grouped together by procedure group as are the eigenvalues

from the previous step. Furthermore, the root-mean square average of the



Iteration « 0;
LeftColumn « 1;
initialize Q;
input the number of vectors to calculate, NumberOfVectors;
SRR: loop
perform an SRR step, calculating AQ = A X Q and T;
compute the residuals;
check convergence, resetting LeftColumn if necessary;
exit SRR when LeftColumn > NumberOfVectors or too many iterations;
compute NextSRR, Ortinterval, and NextOrt;
Q < AQ;
Iteration < Iteration + 1;
ORTH: while Iteration < NextSRR loop
POWER: while Iteration < NextOrt loop
AQ <« AXQ;
Q <« AQ;
Iteration < Iteration + 1;
end loop POWER;
orthogonalize Q;
NextOrt « min {NextSRR, Iteration + Ortinterval};
end loop ORTH;
end loop SRR;
NumberOfVectors « LeftColumn — 1;

Figure 1.

Basic Algorithm for This Implementation.

norms of the residuals is computed and returned by group. If the two groups
have the same number of eigenvalues and the average value of the eigenval-
ues has stabilized, then the residuals are averaged and tested against an er-
ror tolerance. If the test succeeds, then LeftColumn is incremented by the
number of eigenvalues in the group and the tests are repeated for the next
group. Otherwise, the two termination conditions are tested and control exits
the SRR loop if either is met.

The iteration at which the next SRR step is taken (NextSRR), the inter-
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val between orthogonalizations (Ortinterval), and the iteration at which the
next reorthogonalization will take place (NextOrt) are then calculated from
the RMS average returned by group and the value of n in (2.3). Finally, the
SRR iteration counter is incremented and the product A X @ calculated at the
beginning of the current iteration is assigned to Q.

The ORTH loop performs the basic iteration as well as reorthogonali-
zation and begins by executing the POWER loop which repeatedly applies
(2.2) until a reorthogonalization step is required. When the iteration counter
reaches the value of NextOrt, Q is reorthogonalized and NextOrt is set to the
iteration at which the next SRR step is to be performed or the iteration at
which the next reorthogonalization step is to be performed, whichever comes
first.

This completes the ORTH and SRR loops. Finally, NumberOfVectors is
set to the number of vectors that have converged.

The parallel sections are coded using the DOMINO parallel message
passing environment developed at the University of Maryland for medium-
grained parallel computation [6]. Computations in the DOMINO environment
take place in computational nodes that compute and exchange data with oth-
er nodes that can be either on the same physical processor or on different
ones. Each node has an associated node program responsible for performing

the node’s calculations; although each node has only one node program, each
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node program may serve several nodes. Data areas for each node are allocat-
ed by the DOMINO system when the node is created and initialized data may
be passed to each node through a structure called auxiliary storage. Note that
under the DOMINO environment, a single processor may (and usually does)
host many nodes.

The user is responsible for supplying two important nodes for each
processor: a “boot node” and a “go node.” The boot node program must be a
C function called boot and is responsible for initializing the DOMINO system’s
storage pools and for creating the go node. This use of a boot node allows a
computational network to create itself according to each application and as
DOMINO programs are ported from one computer to another, only the boot
node program requires recoding to exploit the underlying hardware. Once
the boot node has finished, execution begins in the go node just created. This
node program must be a C function called go and it creates the other nodes to
be used on the processor.

From this point, the executions of the nodes on the processor are
scheduled in some way, typically in a round-robin fashion. DOMINO is not an
interrupt-driven environment in which each node gets a slice of time before
it loses control of the processor; each node must in good faith relinquish con-
trol when necessary, typically while waiting for data from another node. In-

coming messages for each node are queued as they arrive, and a node that
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has suspended itself is guaranteed not to be reawakened until all of its data
requests have been satisfied. This scheme gives rise to an important feature
of the DOMINO system called determinacy. Informally, determinacy is the
property that guarantees that the results of a DOMINO program are independ-
ent of how its computational nodes are assigned to processors and how the
nodes are scheduled on the processors, allowing DOMINO programs to be de-
bugged on single-processor machines (where program development tools
are often more sophisticated) and moved to true parallel machines with little
or no modification [6].

The program written for this thesis uses a ring architecture of p pro-
cessors as the computational network. Each processor hosts, in addition to
the required boot node and go node, a node for calculating the product AQ,
(called an AQ node) and a node for computing the reorthogonalization (called
a QR node). One processor in the ring is designated a master and is responsi-
ble for interfacing the nodes of the ring with a control node on the same pro-
cessor. This control node is a go node that performs the larger sequential
tasks of Figure 1 and activates the ring when necessary. The AQ and QR
nodes of the ring are numbered from 0 to p — 1 with node 0 indexing the
master node. Since each physical processor used in this thesis has only one of
each type of node, we will assume that AQ node i and QR node i reside on

processor i.
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CHAPTER 4

Parallel Calculation of AQ,,

The parallel calculation of AQ, is performed in the following way. If
explicit storage for the matrix A is needed, it may be divided into p rows of p
blocks, each of which can then be placed in the auxiliary data storage area of
each AQ node as part of program initialization. In many instances, however,
no explicit representation of A is required, as will be shown later. In any case,
Q, is treated as a vector of p blocks, each dimensioned conformally with its

corresponding block of 4, roughly n/p:

— (-V)_
[ Ao Aor  Agz - Aop-1 ] Qo
| A A A o A |
| Ao Ay A:22 e Agpoq | Qz.(v)
lAp—10 Ap_11 Ap_1p Ap—lp—1J QW
L p—l_
Figure 2.

Conformal Partitioning of Blocks.

Note that the blocks in Figure 2 are indexed beginning with 0, a departure
from the normal indexing conventions of mathematics. Indexing in this way,
however, will facilitate our discussion of the parallel algorithms and should

come naturally to most computer scientists.



DISTRIBUTE:

SUM:

COLLECT:

Algorithm for the General Parallel Computation of 4Q,,.

for kinp — i — 1 downto 1 loop
if node i is the master then
read 0, from memory;
send Qk(") to clockwise neighbor;
else
receive Qk(") from counter-clockwise neighbor;
send Qk(") to clockwise neighbor;
end if;
end loop DISTRIBUTE;
if node i is the master then
read Q;) from memory;
else
receive Qi(") from counter-clockwise neighbor;
end if;

Qk(v+1) 0

for kin i wrap aroundp — 1toi — 1 loop
QU™ « MY+ Ay x QY
send Qk(") to clockwise neighbor;

receive next Qk(") from counter-clockwise neighbor;
end loop SUM;

if node i is the master then
place Q;"*Y in memory;
else
send Qi("“) to counter-clockwise neighbor;
end if;
forkinl1to p —i— 1loop
receive Qk("“) from clockwise neighbor;
if node i is the master then
place @, in memory;
else
send Qk("“) to counter-clockwise neighbor;
end if;
end loop;

Figure 3.

14
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Figure 3 presents an algorithm for the parallel calculation of AQ, for
node i. The blocks of Q, are distributed clockwise around the ring of proces-
sors at each multiplication step. The blocks are circulated around the ring in
the SUM loop so that each node forms the inner product of its row of blocks
with Q,,, producing the ith block of Q, ., Qi(V“). Here the pseudocode con-
struction “for k in i wrap around p — 1 to i — 1 loop” means that the loop
index k takes on the values i, i +1, i + 2, -+, p — 1 and then wraps around
to0,1, 2, -+, i—1. Node i then sends its completed block counter-
clockwise followed by those of its clockwise neighbors.

The analysis of the parallel algorithm can be divided into two separate
analyses of calculation time and communication time. We will use three func-
tions defined as

Tea1 = Tca(p,nm; @)
Teom = Teom(p,n,m; 0,7)
Tiot = Trot(p,,m; ¢,0,7) = Teal + Teom
As is customary in this type of analysis, let ¢ be the time necessary to execute
a floating point multiplication and addition, along with any indexing and
looping overhead involved. For the communication time, assume that a fixed
startup time o is required for the transmission and reception of a message
between nodes, regardless of the length of the message, and that data can

then be transferred at a rate of 771 items per unit time. Let the startup time
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required for passing data in a bucket brigade fashion to be oy, and let g5 be
the startup time required when all nodes are simultaneously transferring da-
ta (see Chapter 7). Then the three steps in the calculation of AQ, are as fol-
lows:

1. Distribute the blocks of Q, around the ring of processors with cost
mn
T1 = (p - 1) (O'b + 7’[) (41)
2. Calculate A; Qk(v) with transmission cost
mn
T2 =D (O’S + 7’[) (42)

mn?
pZ

and calculation cost

¢.
3. Collect the block sums from the ring of processors with cost
mn
T3 = (p - 1) (O’b + 71’) (43)

Summing the calculation and transmission times in the three steps gives

mn?¢

p

Teal = (4.4)

mn
Teom = POs + mnt+2(p — 1) (ab + 71) . (4.5)

The quantity T.,; decreases as more processors are added. Eventually, how-
ever, T.om Will dominate; that is, our ability to speed up the algorithm by add-
ing processors is limited by the communication overhead.

Let us find the number of processors that can be used profitably. We
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find the minimum point of the function T, by differentiating with respect to

p

aT, 2mnt — mn?
tot = P ¢ + Og + ZO'b,
dp p

setting this equation to 0, and solving for p, ¢, finding

mn?¢ — 2mnt]"
(4.6)

Popt = l o, + 20y

provided, of course, that1 < p,,c < n. It should be noted that in order for

the expression inside the square root to be positive, we must have mn?¢ >
2mnt. We will see in Chapter 7 that ¢ > t and since n is large, this condition

holds. To show that p, is indeed a unique minimum, we note that

0°Teor _ 4mn’¢p — 8mnr

p? p3

is also positive exactly when the condition above is met.
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CHAPTER 5

Parallel Reorthogonalization

The reorthogonalization step is accomplished by calculating the QR
decomposition of the matrix @Q,, in which the columns of the matrix Q form
an orthonormal basis for the column space of Q,. The major steps in the cal-
culation are as follows [9]:

* Calculate Q,"Q,, which is a symmetric positive definite matrix.

» Compute the Cholesky factorization Q,"Q, = RTR to determine R,

a nonsingular upper-triangular matrix.

* Solve QR = Q, for Q.

Note that mathematically the Q matrix calculated by this algorithm
has orthonormal columns:

Q"Q = (@R™'(QR ™ = RT"Q, QR = RTTRTRR™
Iy
Numerically, however, this method has little to recommend it. The columns
of Q may be far from orthonormal if k(Q,”Q,) is large [9, 10]. On the other
hand, the upper bound (2.3) should alert one to the need for reorthogonaliza-
tion before the columns of Q, become too badly behaved. Therefore, Q,

should not stray too far from orthogonality and, although x(Q, " Q,) will not
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DISTRIBUTE: forkinp —i — 1downto 1loop
if node i is the master then
read 0, from memory;
send Qk(") to clockwise neighbor;
else
receive Qk(") from counter-clockwise neighbor;
send Qk(") to clockwise neighbor;
end if;
end loop DISTRIBUTE;
if node i is the master then
read Q;) from memory;
else
receive Qi(") from counter-clockwise neighbor;
end if;

CrossProduct; < (Q;%)TQ,";
Sum « 0;
SUM: for kin i wrap around p — 1 to i — 1 loop

Sum « Sum + CrossProducty;
send CrossProducty to counter-clockwise neighbor;
receive CrossProduct; from clockwise neighbor;

end loop SUM;

compute Cholesky factor R using Sum;

solve Q;xR = Q;" for Q;;

COLLECT: if node i is the master then
place Q; in memory;
else
send Q; to counter-clockwise neighbor;
end if;
forkinl1to p —i— 1loop
receive @, from clockwise neighbor;
if node i is the master then
place Q, in memory;
else
send Qk to counter-clockwise neighbor;
end if;
end loop;

Figure 4.

Algorithm for Parallel Reorthogonalization.

be precisely equal to 1, it should be tolerably close. Furthermore, since the
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columns of Q are generated as solutions of the equation QR = @Q,, a backward
error rounding analysis can be used to show that if the computations are
done in §-digit decimal arithmetic, then there exists an error matrix
E € C"*™of order 107%]|Q, || such that QR = Q,, + E [9]. These facts, along
with the simplicity of the algorithm, justify its use on a parallel computer ar-
chitecture.

Figure 4 gives the algorithm used to calculate the QR decomposition
on node i. The decomposition is calculated on the entire ring. A simple analy-
sis of this algorithm finds the following costs for each calculation:

nm?¢

2p

(Qi(V))TQi(V):

Y Qe spmiet
Calculation of R: im>¢

nm?¢

2p

Calculation of Q;:

where ¢ is the time required to perform a floating point summation. Adding

these times gives

2

nm? m3 1 o
Tcal = p + 6 b+ Spm (0] (5.1)

The factor of Z in the first term is due to the fact that ;)70 is sym-

metric and only half of it need be computed. The communication requires the

same block distribution and collection times (T; and T3) as the AQ algorithm
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plus a cost of (p — 1)[GS + m(m + 1)1] for the )} Qk(v) calculation, giving
mn 1
Teom = 2(p-—1)<ob+-7;q)-+(p-—1)[os+-Enmnz+]gr] (5.2)

We may then find p,, by adding (5.1) and (5.2), differentiating,

0Tior _ 2mnt —nm?¢
o p?

+ m2p* + 20, + 05+ sm(m + 1)1

and obtaining

2nm?¢p — 4mnt 1/2

m2¢p*t + 4o, + 20, + m(m + 1)t

Popt = (5-3)

To guarantee a non-negative radicand, we must have 2nm?¢ > 4mnt and
we will see in Chapter 7 that this condition is easily met. Once again, the se-
cond derivative

0°Tyor _ 2nm*¢ — dmnt

dp? p?

is positive exactly when the condition above is met, S0 p,p¢ is @ unique mini-

muim.
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CHAPTER 6

Parallel Reorthogonalization with Binary Summation

The SUM loop of Figure 4, which accounts for the Jpm?¢* term in Ty,

can be replaced by a binary summation algorithm that can reduce this to a
term which is logarithmic in p. The idea of binary summation (or “pairwise
summation”) is simple. Odd-numbered processors send their cross products
to the next even-numbered processors, each of which adds the incoming
cross product to its own. These even-numbered processors then pair off to
repeat the process among themselves. The binary summation is continued
until one processor remains, the one containing the total sum. An example is
shown in Figure 5 for p = 8. The large circles (©) indicate processors that
are sending or accumulating partial sums, while the small circles (¢) indicate

those that are merely passing data along without processing it.

STEP PROCESSOR

w 0 1 2 3 4 5 6 7
1 © <« 0© O <« 0O O « © ®© < 0O
2 © « o <« 0© O « o <« 0
3 O® < ° «— ° «— ° « ©

Figure 5.

Binary Summation Example for 8 Processors.
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It is evident that the left-hand processors are doing more data trans-
missions than they would be with the normal linear summation method. Fur-
thermore, the binary algorithm reduces the summation term in the calcula-
tions to %mz (log, p)¢, but since only the first processor will have the entire
sum, only it can calculate R. It must therefore redistribute R along the ring,
allow each processor to calculate its own block of @, and collect the blocks
when they are ready. These facts imply that the algorithm is best suited to
machines whose transmission costs are relatively inexpensive compared to
calculation costs. To summarize, we give the following calculation costs for
each step of the calculation:

nm?¢

2p

(Qi(V))TQi(V):

¥ Q: jm?(logz p)o*
Calculation of R: im>¢

nm?¢

2p

Calculation of Q:

To figure the transmission time, we need to consider how long it takes
for data generated by the last node in the ring to reach processor 0. It is evi-
dent from Figure 5 that one transmission time is required at step 1, two at
step 2, and four at step 3. In general, it still requires p — 1 transmission times
for data from node p — 1 to make it all the way around the ring. So the total

transmission costs in this algorithm are as follows:



24

1. Distribute the blocks of Q, around the ring of processors with cost
mn
T,=(p—-1) (ab + —T)
p

2. Receive partial sums from the clockwise neighbor with cost

T,=(p-1) [05 + %m(m + 1)1]
3. Distribute R around the ring of processors with cost

T;=(p—-1) [Gb + %m(m + 1)‘[]

4. Collect the blocks of the new Q matrix from the processors in the ring

with cost
mn
T,=@(p-1) (ab + —T)
p
so that

Teom = 2(p — 1) (ab + %T) + (p—-1) [Gb + %m(m + 1)1]

+(@-1) [05 + %m(m + 1)1]

The deceptive simplicity of this analysis belies some computational
problems in the implementation. Notice that each processor i in the chain
goes through three distinct phases during the execution of the summation:

e Ifiis notodd, add some number X; of partial sums to CrossProduct;

* Send the accumulated partial sum counter-clockwise

* Pass some number II; of partial sums counter-clockwise in a buck-

et brigade fashion.



25

The task at hand is to determine
¢ X, the number of additions processor i must calculate and
e [I;, the number of times processor i must pass results after it has
sent its own accumulated partial sum counter-clockwise.
Furthermore, we must address the case of a binary summation in which the
number of processors, p, is not an integral multiple of two. We will begin with
the calculations of ¥; and II; for which p = 2* for some integer k.

The calculation of %; is straightforward and is shown in Figure 6.

Zi <« 0;
m; < if node iis the master then p else i;

COUNT: while r; is even loop
Zi «— Zi + 1;
w; — mi/2;
end loop COUNT,;

Figure 6.

Algorithm for Calculation of £; when p = 2%,

The value m; reflects the effective processor number at each summation and
is initialized to the processor number, i, except when i is the master proces-
sor, in which case it is set to p to compensate for the indexing. At each itera-
tion, 7; is halved and i is the left-hand member of a processor pair as long as

m; is even. Then Z; merely counts the number of times that processor i will
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perform an addition. Note that the master processor will have £, = log, p =
k, the desired value.

The problem of calculating I1; is more complicated. Note that in Figure
5, the intervals (0,3) and (4,7) are duplicates for u = 1,2. But when u = 3
and processor 0 receives its final partial sum from processor 4, processors 1,
2, and 3 must pass it along since they reside in the left-hand interval (0, 3).
Similarly, the subintervals (0,1) and (2,3) are identical for u = 1. But proces-
sor 1 must pass along a partial sum from processor 2 because it is in the left-
hand subinterval (0,1). If we generalize and continue to subdivide the inter-

vals in this manner, we see that the number of passes processor i must make

Hi — 0;
if node i is not the master then
Left < 0;
Right<p —1;
DIVIDE: while Left # Right loop
Midpoint « |Right/2];
if Left <i < Midpoint then
Hi « Hi + 1;
Right < Midpoint;
else
Left « Midpoint + 1;
end if;
end loop DIVIDE;
end if;

Figure 7.

Algorithm for Calculation of I1; when p = 2k,
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is equal to the number of times it is in a left-hand subinterval. The algorithm
is given in detail in Figure 7.

We now turn our attention to the case whenp # 2%, We will divide
the chain into partitions, each of which contains a number of processors
which is an integral power of two. Starting on the left-hand side of the chain,
we determine the largest power that is less than or equal to p. This number is
the length of the left-most partition. We then repeat the process to obtain the

remaining partitions. An example is shown for p = 7 in Figure 8. The proces-

STEP PARTITION 1 PARTITION 2 PARTITION 3

R 1 2 3 4 5 6
1 © <« 0O © <« 0© © < 0© ©
2 © « o « 0O © « o « ©
3 ® « ° «— ° «— ° « O

Figure 8.

Binary Summation Example for 7 Processors.

sors in each partition essentially execute a binary summation using the val-
ues obtained by the algorithms in Figures 6 and 7. The only modifications re-
quired are finding and using the left and right endpoints of the partition con-
taining node i.

A glance at Figure 8 indicates that a knowledge of the left and right



28

endpoints of the partition is required not only to calculate the length of the
partition but also to determine whether or not node i should expect partial
sums from a neighboring partition to the right. The algorithm consists merely
of searching for the partition whose length is less than p and checking if node
i lies within. If not, we find the left-most partition in the remaining proces-
sors and perform the check again. We continue until the partition is found.

The algorithm is given in Figure 9.

End « 0;
Remaining < p;
Interval < maximum number of processors allowed;

loop

while |Remaining /Interval] = 0 loop
Interval « |Interval/2];

end loop;
exit when End <i < End + Interval;
Remaining < Remaining — Interval;
End < End + Interval;

end loop;

Left < End;

Right < End + Interval — 1;

Figure 9.

Algorithm for Calculation of the Endpoints of a Partition.
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The new calculation of ¥; is simple. We begin by calculating the left

calculate Left and Right endpoints of partition containing node i using Figure 9;
if i = Left then
Y; « ifiisin the right-most partition then 0 else 1;
m; < Right — Left + 1;
else
X «0;
m; < i—Left+1;
end if;
update X; and m; using the COUNT loop of Figure 6;

Figure 10.

Algorithm for the General Calculation of X;.

and right endpoints of the partition containing node i so that ; now contains

the number of processors between node i and the left end of the partition.

calculate Left and Right endpoints of partition containing node i using Figure 9;
I; < 0;
Extra < (Right =p —1);
if node i is not the master then
update I1;, Right, and Left using the DIVIDE loop of Figure 7;
end if;
if Extra then Il; « II; + 1 end if;

Figure 11.

Algorithm for the General Calculation of IT;.

We then continue exactly as before, counting the number of times node 7 will
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perform an addition. The only remaining change is the case for which node i
is the left-most node in a partition which is not the right-most partition. In
this case, node i will receive a partial sum from a neighboring right partition
and must perform one extra summation (see Figure 8). The algorithm for this
process is given in Figure 10. The calculation of II; also follows easily from

Figures 7 and 9 and is shown in Figure 11.
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CHAPTER 7

The Empirical Calculation of ¢, g, and 7

The data for this thesis was collected on a parallel machine called
McMob, a system built and programmed by the University of Maryland Insti-
tute for Advanced Computer Studies. It consists of sixteen Motorola
MC68000 microprocessors, each with one megabyte of memory and con-
nected to its neighbors by an electronic conveyor belt. Transmission of data
is performed sixteen bits at a time. Outgoing integers are loaded into an out-
bound buffer register which becomes clear when the data has been success-
fully sent. Incoming data interrupts the processor, which queues the data un-

til an entire message has been received.

NUMITS < some large number;
start < clock();
for kin 1 to NUMITS loop
perform floating point calculation;
end loop;
¢ < (clock() — start)/NUMITS;

Figure 12.

Algorithm for the Empirical Calculation of ¢.
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All floating point operations on McMob are performed by software
emulation. The calculation of ¢ is straightforward and is given in Figure 12.
Here, we use a function, clock, that returns the amount of time used by the
program up to the invocation of the function. We have also left the definition
of the floating point calculation purposefully vague since the exact calcula-
tion will depend on the particular computational example being performed
(see Chapter 8). Since the definition of ¢* is simply the time required to per-
form a floating point summation, however, it is independent of the computa-
tional example and was calculated to be 112 microseconds. The time re-
quired to perform a floating point multiplication and addition was found to

be 415 microseconds.

total < 0;
NUMITS < some large number;
for kin 1 to NUMITS loop
start < clock();
if this is processor 1 then
send block to processor 2;
wait for block from processor 2;

else
wait for block from processor 1;
send block to processor 1;
end if;
total « total + clock() — start;
end loop;

total < total/(2 X NUMITS);

Figure 13.

Empirical Calculation Loop for oy,
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On the other hand, the calculations of o and t require some
knowledge of the transfer being done. During the block distribution phases of
the parallel procedures, each block of the matrix is passed along to the cor-
rect processor in a bucket brigade fashion. That is, processor i sends a block
to processor i + 1, which is waiting to receive it. At the next step, processor
i + 1 sends the block to processor i + 2 while processor i receives from pro-
cessor i — 1. This sort of transfer leads to the algorithm for determining
transmission times of blocks between two processors shown in Figure 13.
The correction factor of 2 X NUMITS takes into account that two block
transmissions are occurring at each iteration of the loop and the loop is exe-
cuted NUMITS times.

On the other hand, a different scenario arises when the blocks of the

matrix are being passed around the ring as part of the block multiplication

total « 0;
NUMITS < some large number;
for kin 1 to NUMITS loop
start « clock();
send block to neighbor;
receive block from neighbor;
total « total + clock() — start;
end loop;
total < total/(2 X NUMITS);

Figure 14.

Empirical Calculation Loop for o;.
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given in Figure 3. In that case, processor i is sending a block to processor
i + 1 at precisely the same time as processor i — 1 is sending a block to pro-
cessor 1. The interrupts generated by the incoming data steal time from pro-
cessor I, which is trying to get data out. This situation should inflate the value
of o but should have no effect on 7. The algorithm for this calculation is giv-
en in Figure 14.

In order to get the most accurate results possible, each of these algo-

Time (usecs)

Size
(ints) Bucket Simultaneous
Brigade Exchange
1 6669 13338
101 49681 56586
201 93197 99836
301 136447 143352
401 179963 186334
501 223213 229852
601 266463 273374
701 309717 316674
801 353232 359898
901 396480 403182
Figure 15.

Time Used in the Determination of o, 6}, and .

rithms was performed for block sizes ranging from 1 to 901 integers with the
results shown in Figure 15. The block sizes and their associated execution
times was then fit to a line using linear least squares. The slope of the result-

ing line is therefore t and the y-intercept is . The value of o, was deter-
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mined to be 6135 microseconds and the value of o5 was calculated to be
12851 microseconds. The value of 7 in each case was 433 microseconds. C
source code for the determinations of o and 7 can be found in the file time.c

in Appendix 2.
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CHAPTER 8

Results of the Parallel AQ Algorithm

We will take as an example of the parallel multiplication algorithm a
matrix A defined by
A=Z+uu'
where Z € C"**"is a random diagonal matrix (stored as a one-dimensional
array) and u € C"is a random vector. The calculation required to determine
an element q;; of A is therefore

a;j = vivj + 644

where §;; is the Kronecker delta function defined by

5 def{O ifi #j
U= 11 ifi=j

and the calculation required to determine an element q;; of Q' = AQ is the

usual inner product

n

q{j = Z Aikqk;j -

k=1

Thus the floating point calculation central to this computational example is
qij + (Wivg + 6 Gi)qx;-

The source code for the random diagonal matrix calculation is given in the



file diag.c in Appendix 2.
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Figure 16 shows the values obtained for the several processor config-

0.09
0.13
0.14
0.15
0.17

N U1 A W N

Obtained (sec)
T, T3
0.38 0.09
0.33 0.13
0.56 0.24
0.63 0.32
0.69 0.35

Teal T
17.99 0.09
12.34 0.13
8.96 0.15
7.20 0.16
6.17 0.18
Figure 16.

Expected (sec)

Ty

0.19
0.21
0.22
0.23
0.24

T3

0.09
0.13
0.15
0.16
0.18

Results of Random Diagonal Matrix Example

withn = 100, m = 4, and ¢ = 882usecs.

Tca

17.64

11.76
8.82
7.06
5.88

urations and the expected values from (4.1) and (4.5). There is a marked dis-

crepancy between the expected and obtained values for T, the block rotation

time during the summation loop, and T3, the block collection time of the

product. An independent experiment that sent blocks of data around the ring

of processors on McMob revealed that timing data transmissions from a

DOMINO node was stable and predictable. Timing data receptions on a node,

however, was very erratic, and T, and T; involve this type of reception. Alt-

hough a number of solutions to the problem were attempted, none yielded

any satisfactory explanation for the behavior.
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Nonetheless, the total expected values and obtained results are given

in Figure 17.

Obtained Expected
P T (sec) To: (sec)
2 18.55 18.01
3 12.93 12.23
4 9.90 9.34
5 8.30 7.61
6 7.38 6.48

Figure 17.

Total Costs for Random Diagonal Matrix Example.

Clearly, the effect of adding more processors to the computations is benefi-
cial. This can be explained by the overwhelming dominance of the calculation
time, T, . But this is what should be expected from an examination of (4.4)
and (4.5); T.y is 0(n?) whereas Ty, is only O(n). Furthermore, the large
value of ¢ for this matrix assures that the calculation time will be the costli-
est part of the algorithm.

The example demonstrates the effectiveness of the parallel algorithm
on large full matrices where many floating point calculations are necessary to

determine the q;;. There are, however, applications for which the parallel

method is not useful. We will take as a counter-example of the computational

properties of the parallel algorithm a random walk on a y X y triangular grid.
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This example will illustrate the ineffectiveness of the parallel algorithm on

large sparse matrices.

Figure 18 illustrates a grid for y = 5.

h -
Figure 18.

A 5 x 5 Triangular Grid.

The points of the grid are labeled

(v,h) h=12,y; v=12,y—h+1

From any arbitrary point (, h) on the grid a jump may occur to the north at

(13 + 1, ﬁ), to the east at (ﬁ, h + 1), to the south at (¥ — 1, ﬁ), or to the west at

(9, h — 1). The probability of jumping to the south or to the west is

- [— if both points exist
2 y — 1
Psw(v,h) = v+h-—2
———  otherwise
y—1

so the probability of jumping to the north or the east is

= [1 — ——— | if both points exist
y—1
PNE(v;h): v+h—-2
1— ——  otherwise

y—1

(9.1)

(9.2)
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For example, Pyg(1,2) = g since both the north point, (2,2), and the east
point, (1,3), are on the grid. However, Py (1,2) = % since the west point,
(1,1), is on the grid, but the south point does not exist.

If we number the points on the grid consecutively from 1 to %(yz + y)
then the random walk can be expressed as a finite Markov chain whose sto-
chastic matrix A consists of the probabilities a;; of jumping from point j to
point i. We may then calculate the steady state probabilities of the chain, con-
tained in the eigenvector corresponding to the eigenvalue unity [5]. Stewart
[12] points out that the chain is cyclic with period two and hence A has an
eigenvalue of —1 as well as +1.

dsj
q4j qoj
qsj dsj  Y12,j

q>j q7;  q11,j qiaj

qij d6j q10,j Y13,j Yis,j

Figure 19.
Mapping of the Points of the Grid to g; for y = 5.

The points of the grid are matched with the g; as shown in Figure 19.
The matrix A is never explicitly used; to calculate (Aq;);, the ith element of
Aqj, one need only regard the components of g; as the average number of in-

dividuals at the points of the grid and use (9.1) and (9.2) to calculate the
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number of individuals that will be at point i at the next transition [12]. If we
let qi[;.i], d € {N,S,E,W}, be the number of individuals in the north, south,

east, and west, respectively, and assuming that point i has coordinates (¥, h),

then

(4q)), = qi) Pu(9,h) + qi3'Psw(,R) + (9.3)

qi[?]PNE(ﬁ, fl) + ql.[}N]PSW(ﬁ, fl)

Hence the calculation of (Aq;); requires a knowledge of the number of indi-
viduals at each neighbor of g;;. This presents a complication in the parallel
computation since the q4; will be circulating around the ring of processors
and each AQ node must keep track of when to multiply an element of a block
by a probability and add it to the (Aq j)i. Therefore, every go node calculates

the index of each neighbor for every point 7 on the grid that falls within the
node’s block boundary as part of the initialization procedure and supplies the

AQ node with this data through auxiliary storage. It is then a simple matter
for the AQ node to check each incoming block for any ql[;i] it requires. The
source code for the implementation of this example is given in the file mar-
kov.c in Appendix 2.

Execution on the McMob processors, however, gave the results shown

in in Figure 20.



p Tcom (seC)
2 0.26
3 0.58
4 0.72
5 0.82

Tcal (sec)
0.50
0.36
0.32
0.29

Figure 20.
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To: (sec)
0.76
0.94
1.04
1.11

Results of Markov Chain Matrix Calculation

withy =10,n = 55,and m = 4.

The disappointing performance can be explained by the fact that each ele-

ment of the Aq; is determined by performing only the four floating point op-

erations given in (9.3), so the number of calculations to perform in order to

compute an entire block of Q is M:fn. But the time required to send a block to

its neighbor during the calculation step increases linearly inn (see (4.5)).

Since the calculation time T, is also linear inn it does not dominate the

block multiplication step as it did in the random diagonal matrix example.

Therefore, adding more processors to the problem only increases its cost.
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CHAPTER 9

Results of the Parallel Reorthogonalization Algorithm

The parallel reorthogonalization algorithm was run as part of the two
computational examples described in the previous chapter. Results were ob-
tained for both the linear and binary summations and are discussed here.

We shall use for comparison the results obtained for the diagonal ma-
trix of degree n = 100 and subspace dimension m = 4. The execution times
for the calculation of QT(Q, the Cholesky factorization of QTQ for R, and the
solution for the new value of Q do not depend on the type of summation used

and are shown in Figure 21.

Obtained (sec) Expected (sec)

p

QTQ Q R QTQ Q R
2 0.21 0.051 0.27 0.17 0.004 0.17
3 0.14 0.051 0.18 0.11 0.004 0.11
4 0.10 0.051 0.13 0.08 0.004 0.08
5 0.08 0.051 0.11 0.07 0.004 0.07
6 0.07 0.051 0.09 0.06 0.004 0.06

Figure 21.

Results of Summation-Independent Calculations.
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The discrepancy between the obtained and expected values for the Cholesky
factorization can be explained by the fact that the expected value takes into
account only the inner product calculation central to the factorization. In-
deed, for a large matrix this inner product would consume most of the time.
We, on the other hand, are dealing with a 4 X 4 matrix and the other floating
point operations in the algorithm take their toll. In any case, the Cholesky fac-
torization does not contribute significantly to the total computational cost.

Figure 22 shows the transmission costs.

Obtained (sec) Expected (sec)
p
T T, T3 Ty T, T3
2 0.09 0.01 0.09 0.09 0.01 0.09
3 0.12 0.10 0.13 0.13 0.03 0.13
4 0.14 0.24 0.20 0.15 0.04 0.15
5 0.15 0.35 0.24 0.16 0.05 0.16
6 0.17 0.47 0.28 0.18 0.07 0.18
Figure 22.

Transmission Costs for the Parallel Reorthogonalization.

Once again the erratic performance of the T, and T; values shows itself but
we are still communicating small blocks around the ring. Unfortunately, the
executable code for the implementation is very large and memory con-
straints on the McMob processors precluded testing with larger blocks. Alt-

hough the dominance of the floating point operations in the AQ algorithm
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masked the problem, we are not as fortunate here. Data transmission costs
and calculation costs are on the same order of magnitude and the fluctua-
tions have a decided impact. The totals are given in Figure 23 and show
roughly the same optimal number of processors, so it is safe to say that the

parallel algorithm is worthwhile, although not nearly to the degree that the

AQ algorithm is.
Obtained Expected
P To1 (sec) T (seC)
2 0.74 0.53
3 0.72 0.51
4 0.86 0.50
5 0.98 0.51
6 1.13 0.55
Figure 23.

Total Costs for the Reorthogonalization Algorithm.

The execution times of the linear and binary summations during the

accumulation of the (Q;"’)TQ;™ are shown side-by-side in Figure 24. The
low values for the calculation of the QR summation in both cases are due to
the fact that a floating point summation is being performed as the critical
floating point calculation of the procedure. Recall that a floating point sum-
mation can be done on the McMob computer in only 112 microseconds, com-

pared to the 415 required for a floating point multiplication and addition or
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Linear (sec) Binary (sec)
p
Calculation Transmission Calculation Transmission
2 0.0011 0.19 0.0011 0.31
3 0.0023 0.41 0.0120 0.51
4 0.0034 0.62 0.0023 0.85
5 0.0046 0.85 0.0132 1.07
6 0.0057 1.06 0.0034 1.23
Figure 24.

Results of the Linear and Binary Summations.

the roughly 13,000 required to send one integer from a processor to its
neighbor. This fact ensures that the communication time will far exceed the
calculation time when the invariant subspace being calculated is small. Note
that the time required to calculate the summation in the binary algorithm has
been reduced for most processor configurations. This reduction is due to the
fact that processor 0 (the one accumulating the final sum) is performing few-
er additions than it would be if the summation were linear. But considering
the magnitude of the contribution of the summation to the total cost, it does
not seem advantageous to use the binary summation algorithm. This conclu-
sion is especially true since we have not even considered the additional time
needed for the recirculation of R around the ring of processors in the above

results.
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CHAPTER 10

Conclusions

This thesis successfully implements a simultaneous iteration algo-
rithm for eigenvalue and eigenvector calculation in a parallel environment.
The algorithm is based on the theory that nested invariant subspaces of a
large matrix can be used to determine the largest absolute eigenvalues of
that matrix. [ts main benefit is that the algorithm requires the user to supply
only a procedure for calculating a matrix multiplication. This fact leads to a
modular and flexible software design that also lends itself to a parallel solu-
tion.

We have seen that the parallel calculation of this matrix multiplication
is very worthwhile if the process used to calculate the elements of the prod-
uct is computationally expensive. Since traditional matrix multiplication al-
gorithms typically involve the accumulation of inner products, this require-
ment is easily satisfied for many applications. The parallel method is almost
certainly useless for large sparse matrix problems if access to the individual
elements is inexpensive relative to the cost of data transmission.

Since our method requires the periodic reorthogonalization of the

column vectors that span the invariant subspace due to the fact that our ma-
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trix is not in general Hermitian, the thesis implements this process in parallel
as well. In contrast to the costly arithmetic required to calculate the matrix
product, the reorthogonalization requires only inexpensive floating point
summations in the parallel sections of the code. This situation gives far
greater emphasis to the transmission costs but the results demonstrate that
it can still be profitable to perform the reorthogonalization in parallel. The
data do not, however, recommend the use of the binary summation method.
Although the summation time is slightly less with the binary algorithm, the

additional time required for transmission negates this benefit.
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Table of Symbols

Description

An n X n matrix whose nested invariant subspaces are
calculated by this thesis

The (i,k) block of the matrix A

The (ij) element of the matrix A

The (i) element of the matrix used in the random diag-
onal matrix computational example of Chapter 8

An m X m matrix used in the SRR step

The set of n X m complex matrices

The set of n-dimensional complex-valued vectors

The number of decimal digits that can be allowed to be
lost between reorthogonalizations

The Kronecker delta function

An n X n error matrix
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¢+

Description

The time necessary to execute a floating point multipli-
cation and addition, along with indexing and looping
overhead

The time necessary to execute a floating point summa-
tion, along with any indexing and looping overhead

The invariant subspace of A

The rth dominant invariant subspace of A

The dimension of the triangular grid used in the compu-
tational example of Chapter 8

An upper bound on the number of iterations that can be
performed safely with R, ,; = I,

The m X m identity matrix

The condition number of T with respect to inversion

The set of eigenvalues of A

The ith eigenvalue of A

The column dimension of Q

A step in the binary summation algorithm

The degree of A
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popt

QI
0,
Qv
q;

[a]

Description

A step in the basic iteration

A probability function used in the computational exam-
ple of Chapter 8 (d € {NE, SW})

The number of processors used

The optimal number of processors to use with a parallel
algorithm

A parameter used in the calculation of %;

The number of passes a node must perform in the bina-
ry summation algorithm

A matrix whose columns form an orthonormal basis for
the nested invariant subspaces of A

The first r columns of Q

The ith block of Q,,

The matrix Q at the vth iteration

The jth column of Q

The number of individuals at neighbor d in the computa-
tional example of Chapter 7 (d € {N, S, E,W})
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Symbol

Pv

Op

Description

The matrix R at the vth simultaneous iteration

The ith column of the residual matrix

A nonzero scaling factor used in the power method

An arbitrary m-dimensional subspace

The number of summations node i must perform in the
binary summation algorithm

The startup time required in communication between
processors when the processors are sending data in a
bucket brigade fashion

The startup time required in communication between
processors when the processors are simultaneously ex-
changing data

An m X m matrix whose eigenvalues are the same as the
m-dimensional invariant subspace of A

The r-dimensional leading principal submatrix of T

The calculation time required by an algorithm

The communication time required by an algorithm

The total cost of an algorithm
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Description

The transmission rate of data

An n-dimensional random vector

An elementofu € C"

An n X n random diagonal matrix stored as a one-
dimensional array

The ith element of Z € C*"*" stored as a one-
dimensional array
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APPENDIX 2

C Source Code for the Implementation

This appendix contains the C source code for the program developed

in this thesis. The following table gives a short description of each file.

File Description
Makefile Contains a specification for the UNIX make program,
which builds object and executable files from source code.

aq.h Contains constants and definitions for the structures used
by the nodes that perform the AQ algorithm.

debug.h Contains definitions for debugging facilities used by the
routines in the program.

diag.h Contains the definitions for the random diagonal matrix
example used in Chapter 8.

go.h Contains the definitions necessary for manipulation of the
go node auxiliary storage.

markov.h Contains the definitions for the Markov chain example
used in Chapter 8.

matrix.h Contains definitions for the matrix and vector data types
used by the routines in the program.



File

qr.h

setup.h

time.h

aq.c

boot.c

diag.c

go.c

markov.c

matrix.c

qr.c

send.c
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Description

Contains the definitions for the auxiliary storage structure
used by the nodes that calculate the QR reorthogonaliza-
tion.

Contains constants used for the configuration of the com-
putational network.

Contains definitions for the clock timer functions neces-
sary for guaging the efficiency of the parallel network.

Contains code for the node program which calculates the
product of matrices A and Q in a circular fashion.

Contains code for the boot node.

Contains code for the random diagonal matrix example
used in Chapter 8.

Contains code for the go node.

Contains code for the Markov chain example used in Chap-
ter 8.

Contains code for the basic matrix operations, like addi-
tion, multiplication, inner product, and Cholesky factoriza-

tion.

Contains code for the node program which calculates the
QR reorthogonalization.

Contains code to time clockwise and counter-clockwise
transmission times.
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File Description

srrit.c Contains the driver and support routines for the SRR itera-
tions. Each of the major routines in this file are C transla-
tions of FORTRAN counterparts found in Stewart [12] and
Smith [8].

time.c Contains code for the calculations of o and 7.
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APPENDIX 3

Related Methods

This appendix mentions some other methods of finding eigenvalues
and eigenvectors of matrices suited to problems involving large matrices in a
parallel environment.

One of the earliest methods was the power iteration, which finds the
dominant absolute eigenvalue and corresponding eigenvector of a general
matrix according to the iteration

Xy41 =A4Ax,, v=0,1,2,--
It can be shown that this iteration will produce a sequence of vectors such
that

llocy 4l
lim =Y+t _ A

v ||y [lo

and that

Xy

lim
v-oo || x|

is its associated eigenvector. This method is in essence the simultaneous it-
eration algorithm for m = 1 and so enjoys the same space-saving and paral-

lelization benefits as its more generalized cousin.
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If a simple approximation to the dominant eigenvalue of a matrix is
desired, one could use the Rayleigh quotient. It is based on the idea that if x is
an eigenvector of A corresponding toA € Ay and ify & x + O(¢) - u where

u=[1,1,-,1]T, then

yTAy
yTy

= 1+ 0(e?)

Once again, the crucial computation is a matrix-vector multiplication.

Lanczos [4] describes a method which provides a solution to the ei-
genvalue problem for symmetric, positive definite matrices. The idea is to
find a positive definite matrix Q such that QTAQ = T, where T is tridiagonal.
The diagonal element «;; is given by

a; = q;" Aq;

which can be calculated in parallel much the same way we did in this thesis.
Note that the matrix A need not be explicitly stored. The off-diagonal ele-
ments will tend toward zero, but the columns of Q may experience loss of or-
thogonality. Parlett [7] describes a method for performing a selective reor-

thogonalization of several of these columns.
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